Abstract. The inverse scattering theory for the discretized sine-and sinhGordon equations is considered. In the case in which only the space is discretized some difficulties of the inverse scattering theory related to the traditional Lax pair proposed by Hirota and Orfanidis are overcome by introducing a Lax triplet and by using the inverse scattering transform of the so-called exactly discretized Schrödinger operator. The method works also in the case in which both space and time are discretized but only for the sinh-Gordon equation. The problem of building an inverse scattering theory for the doubly discrete sine-Gordon equation in the form proposed by Hirota remains open.
Introduction
In the framework of integrable nonlinear evolution equations, Hirota recovered almost 25 years ago the Bianchi superposition formula for the solutions of the sine-Gordon equation, showing that it can be considered as an integrable doubly discrete (both in space and time) version of the sine-Gordon equation [1] . He found also its Lax pair, Bäcklund transformations and N -soliton solutions. In the following this study was generalized to include the discrete (in space or time) case [2] , soliton solutions were obtained by using the dressing method [3] and the related inverse spectral transform was studied [4] .
Here we are interested in the spectral transform for the discrete and doubly discrete sine-Gordon and sinh-Gordon equations with solutions decaying at space infinity.
We show that the inverse spectral transform for the semi-discrete case studied in [4] has an unexpected drawback. In order to overcome it we use as principal spectral problem the "exact discretization" of the Schrödinger operator introduced by Shabat ψ n+2 = g n ψ n+1 − (1 + λ)ψ n (1.1) and obtained iterating the Darboux transformations [5] . The spectral theory for this operator was exhaustively studied in [6] in the case of a potential g n , not necessarily real, satisfying (1 + |n|)|g n−1 − 2| < ∞.
( 1.2) and applied to a discrete version of the KdV.
Following a procedure analogous to that used in [7] for getting a 2+1 generalization of the sine-and sinh-Gordon equations, we do not consider a Lax pair but a Lax triplet, i.e. we derive the discrete sine-and sinh-Gordon equations as compatibility conditions of (1.1) with a pair of auxiliary spectral problems.
Time evolution of spectral data is easily derived and, therefore, according to the usual inverse scattering scheme, the Cauchy initial value problem is solved and the drawback in [4] is overcome. However, one must be advised that the solutions of the discrete sine-and sinh-Gordon equations are related to the potential g n via a continued fraction, which can be considered a discretized version of a Riccati equation.
In the sinh-Gordon case the potential g n is real and the characterization equations for the spectral data are easily obtained in analogy with the continuous case. In the sine-Gordon case the potential g n is complex and the problem (most surely not trivial) of characterizing the spectral data is left open.
We are also able to find the couple of doubly discrete auxiliary spectral operators that in triplet with the doubly discrete Schrödinger operator gives a differencedifference evolution equation in a field β nm . The reduction β nm real is the only evident admissible reduction and in this case in the limit of continuous time we recover the differential-difference sinh-Gordon equation. The equation is of sixth order and we were not able to verify if it can be integrated and, then, if another reduction is admissible such that one recovers the Hirota-Bianchi fourth order doubly discrete sine-Gordon equation.
Therefore the problem of solving the Hirota-Bianchi doubly discrete equation by using the inverse scattering method is left open.
Finally let us remark that the origin of the difficulties both in our approach and in the approach of [4] may be related to the fact that we are trying to describe solutions of the Hirota-Bianchi equation, that have instabilities as discussed in [8, 9] , by using standard methods of inverse scattering that are not able to describe such instabilities.
Standard Lax Pair
In the following we found convenient to use, for any discrete function f (n, m), the notation
when n and m are considered generic but fixed. Let us consider the Lax pair proposed by Orfanidis [2] χ 10 = M 00 χ 00 (2.2) χ 01 = N 00 χ 00 (2.3) with M 00 = e −i(φ10−φ00)/2 kγ kγ e i(φ10−φ00)/2 (2.4)
with φ (n, m) real, k the spectral parameter and γ a real constant. The compatibility condition
where E shifts n and F shifts m gives by inserting in it (2.2) and (2.3)
From it we have the Bianchi-Hirota equation γ 2 sin 1 4 (φ 11 + φ 10 + φ 01 + φ 00 ) = sin 1 4 (φ 11 − φ 10 − φ 01 + φ 00 ) .
If we introduce
choose the constant γ as follows
and take the limit h → 0, τ → 0 and n → ∞, m → ∞ at x and t fixed we get the sine-Gordon equation in the light cone coordinates
If we make only the limit τ → 0 we have
and an analogous equation if h → 0. Notice that in both cases, doubly discrete and space discrete cases, the principal spectral problem (2.2) is the same.
If in (2.2) we perform the following k dependent transformation
where the dependence on m is understood, σ 2 is the Pauli matrix and
we recover the spectral problem considered in [4] 
and where
is the new spectral parameter and
In terms of
We consider the case when φ(n) is going rapidly to zero as n → ∞. Then A(n) → 0 as n → ∞.
As usual, the vector Jost solutions are defined by fixing their behaviour for n → +∞ or for n → −∞. It is easy to check that the matrices µ and ν defined by the integral equations
solve (2.17) and their columns have the required behaviours, respectively, for n → +∞ and for n → −∞.
If we write the solution to (2.19) in the form of the following Neumann series
we have
This means that
where we introduced
We consider the Neumann series in the circular annulus D R = {z ∈ C : 1/R < |z| < R} with R > 1. We have
and we require
Then we have
where
One can prove by induction that
and we conclude that in D R the Neumann series (2.20) is uniformly convergent. Analogously, one can prove that the following Neumann series for µ
is uniformly convergent in the same region with
We conclude that the matrix Jost solutions ν and µ are analytic in the complex plane with two singularities at z = 0 and at z = ∞. Writing (2.18)-(2.19) explicitly we have
Taking into account the result obtained for the analytic properties of ν and µ, just by looking to the explicit form of the above discrete integral equations defining the columns of ν and µ we deduce that the Jost solutions ν 1 and ν 2 have, respectively, an essential singularity at z = ∞ and at z = 0, while the Jost solutions µ 1 and µ 2 have an essential singularity both at z = 0 and at z = ∞. Therefore one cannot use the usual procedure for building the inverse scattering theory. One could come back to the original Lax operator (2.4) and use the spectral parameter k, but then the potential at large n is going to the constant unity matrix. Therefore, we think that the encountered difficulty is intrinsic to the problem, since it is well known that when the potential in the spectral problem is not going to zero at large distances the usual scheme of the inverse scattering method must be accordingly modified.
In the following section we try to overcome the difficulty by using a different principal spectral problem with a potential going to zero at large n.
Lax triplet

Semi-discrete case
Let us consider the following semi-discrete spectral problems
where λ plays the role of spectral parameter. The compatibility condition ∂ t ψ 2 = Eψ 1t , where E is the shift operator, Ev n = v n+1 , gives
which can be regarded a third Lax operator to be added to (3.1) and (3.2). In contrast with the usual case we have not a Lax pair but a Lax triplet. The compatibility conditions for this triplet of spectral problems are closed by requiring that the spectral problem
obtained by shifting (3.3) and using (3.1) is compatible with (3.2). We have
Assuming ψ 0 and ψ 1 to be linearly independent, and equating the coefficients of the different powers in λ we get the following relations
and
where we used (3.5) in (3.6)-(3.7) and (3.8)-(3.9). Note that, taking into account (3.6) and (3.8), (3.7) and (3.9) are identically satisfied and we are left with
where, without loss of generality, the constant of integration of the second equation was scaled to −1. The last equation can be rewritten as
and, then, integrated to
In order to get the discrete sine-Gordon equation the choice of the constant c of integration in (3.13) is crucial. The study of the continuous limit suggests to choose this constant to be zero. From (3.11) we get
Notice that this equation, which can be considered as a discrete Riccati equation, can be solved for α in terms of a continuous fraction of g (see [10] ). Then we substitute g 0 into (3.13) with c = 0 and we get
If we put
we get from (3.15) and (3.14) and the evolution equation (3.10) takes the form
We multiply both sides by e q1 getting
and then it can be integrated with respect to the spatial variable giving
so that if we choose the constant of integration equal to 1 we finally get (q 1 − q 0 ) t = 4 sinh q 1 + q 0 2 which for q real is the discrete sinh-Gordon equation and for q purely imaginary is the discrete sine-Gordon equation.
Note that for q(n) vanishing at large n we have from (3.18) that g(n) → 2 and the spectral theory developed in [6] is applicable.
Evolution of spectral data
The evolution of the spectral data can be determined by considering the first and the third Lax operators, i.e. the spectral problem (3.1) and (3.4) .
In order to meet the notations used in [6] we introduce the new spectral k and the new eigenfunction χ as follow
The principal spectral problem (3.1) reads
while the auxiliary spectral problem (3.4) thanks to (3.10) and (3.11) becomes
We need the Jost solution µ + (n; k) introduced in [6] , which is analytic in the upper half-plane and is defined via the following discrete integral equation
and which has the following asymptotic behaviour
at large positive n and
at large negative n, where a + (k) is the inverse of the transmission coefficient and b + (k) is the reflection coefficient.
Then we look for a solution of (3.22) of the form χ(t, n; k) = C(t; k)µ + (t, n; k) (3.26)
If we substitute (3.26) into (3.22), we get
As |n| → ∞, g − 2, α − 1, β − 1 → 0 and then A 1 → −1 so that from (3.27), taking into account the asymptotic behavior of µ + for n → +∞ we get, first, C t C −1 = − i k and, then, by considering the limit for n → −∞ (k ℑ = 0) the evolution equation for the spectral data
which can be trivially integrated to
Doubly discrete case
Let us consider now the doubly discrete version of (3.1)- (3.2) , that is ψ 20 = g 00 ψ 10 − (1 + λ)ψ 00 (3.29)
ψ 11 = α 00 ψ 01 + (β 00 − α 00 )ψ 00 + ψ 10 . which involves only ψ 00 and ψ 10 . We assume that they are linearly independent and equate the coefficients of the different powers of λ. We get from the coefficient of ψ 00 g 11 − g 10 = β 20 − β 00 (3.33) (β 20 + g 10 − g 11 ) (A 00 + 1) = β 00 (A 10 + 1) (3.34) (β 20 + g 10 − g 11 ) A 00 = β 00 A 10 .
(3.35)
The first equation is the searched evolution equation. Inserting it into the two following equations we get A 00 = A 10 which can be integrated to which, thanks to (3.33) and (3.36), reduce to only one equation that can be written as β 10 β 00 + β 10 g 11 − α 10 β 00 − α 20 β 10 = β 00 β −10 + β 00 g 01 − α 00 β −10 − α 10 β 00 . (3.39)
It can be integrated to β 00 β −10 + β 00 g 01 − α 00 β −10 − α 10 β 00 = c (3.40)
with c an arbitrary constant. In conclusion from (3.36) we get
and inserting it into (3.40) and, therefore, the following evolution equation in the doubly discrete field β
In analogy with the semi-discrete case we can put β(n, m) = τ e q(n,m) (3.47) and rewrite the evolution equation in terms of q(n, m). The real parameter τ takes into account that the time can be scaled and it is necessary for performing the continuous limit in time. We consider solutions q(n, m) decaying at large n. In order to be able to apply the spectral theory of the discrete Schrödinger equation the constants of integration c and d must be chosen in such a way that for n → ∞ the potential g(n, m) → 2. Precisely, we get
The evolution equation (3.46) admits the reduction q = q but not the reduction q = −q admitted in the semi-discrete case. If we choose d = 0 and let q(n, t) = q(n, mτ ), in the limit τ → 0 we recover the semi-discrete sinh-Gordon equation.
Evolution of spectral data
Let us rewrite the auxiliary spectral problem (3.31) by using (3.33), (3.41) and the spectral parameter k 2 = λ introduced in (3.19 We look for a solution of the form χ(n, m; k) = Ω(m; k)µ + (n, m; k) (3.49)
where µ + (n, m; k) is the Jost solution introduced in [6] . We have Then we proceed in the usual way evaluating the limit of (3.50) for n → +∞ and n → −∞. Taking into account the asymptotic behaviours (3.24) and (3.25) we obtain, respectively, for n → +∞ the time evolution of Ω Ω(m + 1; k)Ω −1 (m; k) = 1 − τ d − ik Notice that for d = 0 in the limit τ → 0 we recover as expected the time evolution of the spectral data for the sinh-Gordon equation.
